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Abstract
Generic models of propelled particle systems posit that the emergence of polar order is driven
by the competition between local alignment and noise. Although this notion has been confirmed
employing the Boltzmann equation, the range of applicability of this equation remains elusive. We
introduce a broad class of mesoscopic collision rules and analyze the prerequisites for the emergence
of polar order in the framework of kinetic theory. Our findings suggest that a Boltzmann approach
is appropriate for weakly aligning systems but is incompatible with experiments on cluster forming
systems.
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The emergence of large-scale collective motion is one of the most intriguing features, which
is shared among a large variety of active systems [1–11]. This apparent universality has led
to considerable theoretical efforts aiming at the identification of general physical principles
underlying collective motion in active systems [12–16]. There is a general consensus that an
antagonism between dynamic processes favoring alignment between the particles’ velocities
and noise is the basic mechanism which triggers a phase transition from an isotropic to a
polar ordered state. The computational model by Vicsek et al. [17] adapts this idea and
implements it as an update rule in the spirit of a cellular automaton: Each particle aligns
parallel to the average of all particles’ orientations within some finite neighborhood.
On a more microscopic scale, Bertin et al. [18] have formulated the dynamics of pro-
pelled particle systems in the framework of kinetic theory. Collisions between particles are
described by a half-angle alignment rule, i.e. one assumes that particles line up parallel
to their average orientation upon binary collisions. While, similar to the Vicsek model,
this rule phenomenologically accounts for the dissipative character of collisions, it is not
rooted in a microscopic analysis of actual collision processes between active particles. In
the meantime there are, however, a range of well-characterized experimental model systems
including actin and microtubule gliding assays [2, 4], and shaken granular particles [8, 19],
which are amenable to a quantitative analysis at the scale of collisions between individual
particles. These studies highlight that actual collisions differ from generic interaction rules
in two important respects: (i) The post-collision particle orientations are not symmetric
with respect to the average of the pre-collision directions, but depend on both the relative
orientation and relative position of the colliding particles before the collision [Fig. 1]. (ii)
Frequently, one finds ‘indifferent’ collision events where collisions do not change the relative
orientations of the collision partners [8, 19]. Therefore, the region of configuration space
supporting aligning collisions is restricted, and it is thus far from obvious whether binary,
dissipative interactions actually contribute to the formation of order in active systems. This
raises an important question: With no additional assumptions to be made, does the inte-
grated effect of binary particle interactions in active systems suffice to establish a state of
collective motion on macroscopic scales?
To address this question, we investigate the physics of binary collisions between propelled
rod-like particles and its impact on the emergence of polar order within the framework of
kinetic theory. Our starting point is a numerical analysis of the collision process between
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FIG. 1. (a) Rod interactions within an angular alignment range ψ¯ (grey shaded) lead to polar
alignment, whose direction typically deviates from the half-angle alignment w = 12 [w is directly
given by Eq. (1)]. (b) Simulated example trajectory for a model of propelled rigid rods (relative
angle ψ ≈ pi/3, impact parameter b ≈ 0 in units of rod diameter, w(pi/3, 0) ≈ 1.3).
propelled rod-like particles. The goal is to motivate a broad class of mesoscopic collision rules
comprising the most pertinent features of the dissipative collisions. Integrating this collision
rule into a Boltzmann equation, we give a systematic study of the ordering capabilities of
active systems in terms of the underlying collision dynamics. Our findings suggest that
a kinetic description based on binary particle interactions is suitable to capture ordering
processes which proceed via a gradual reduction in the spread of particle orientations, but
fails if collective motion patterns emerge from clustering processes. Within our kinetic
framework, we demonstrate that the presence of noise in the collision process (collision
noise) imposes a ‘minimum efficiency requirement’ on the underlying microscopic collision
dynamics if collective motion is to be observed. Finally, we address the system’s spatio-
temporal behavior using a numerical solution of the underlying kinetic equations [20]. We
demonstrate that, for a large class of generic collision rules, the formation of wave-like
patterns, as previously observed in agent-based simulations (see, e.g., Ref. [21]), is a robust
feature accompanying the transition to collective motion, and rendering this phase transition
discontinuous.
Two microscopic scenarios. To quantify binary particle collisions we performed numerical
simulations for two exemplary models of propelled rod-like particles (length L = 10, diameter
d = 1) moving in a two-dimensional over-damped environment (for details see Supplementary
Material [22]). Specifically, we considered hard-core rigid, propelled rods as in [23], and a
bead-spring model for propelled stiff polymers with a finite bending modulus, interacting by
a short-ranged polar alignment interaction. Each particle is driven by a constant propelling
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FIG. 2. Binary scattering plot: relative post-collision angle ψ′ = θ′1− θ′2 (scale bar), versus impact
parameter b and relative pre-collision angle ψ, for propelled hard rods (a), and stiff polymers (b).
The mesoscopic alignment weight w(ψ), and the alignment range ψ¯ are indicated as crosses and
vertical dotted lines, respectively. L = 10; for simulation details and videos refer to Supplementary
Material [22].
force, pointing along the long axis of the rod or parallel to the polymer’s contour. We
performed scattering studies by preparing the particles with different relative pre-collision
orientations ψ = θ1 − θ2 ∈ [0, pi] (θ1/2: pre-collision rod orientations) and different impact
parameters b (measuring the location of impact along the “target particle’s” contour; cf.
Fig. 1), and observe the resulting relative post-collision orientations ψ′ = θ′1 − θ′2 (θ′1/2:
post-collision rod orientations). The corresponding results are summarized in Figs. 2(a,b).
Although quantitative differences are manifest, there are distinct qualitative features
which equally apply to both scattering studies: Collisions may be classified either as ‘indif-
ferent’, where the relative scattering angle remains virtually unchanged (ψ′ ≈ ψ) [24], or
‘polar alignment’ events with θ′1 = θ
′
2 =: θ
′, i.e. ψ′=0. These two regimes are delineated
by a rather sharp boundary denoted as ψmax(b), which is the maximum value of ψ in the
regime where ψ′ ≈ 0. For simplicity, we will approximate this boundary by a single angle
ψ¯ = maxb ψmax(b) which we term the effective alignment range [indicated by vertical dotted
lines in Fig. 2(a,b)]. Within the alignment range (ψ ≤ ψ¯), the post-collision angle θ′ is an
intricate function of the pre-collision angles and the impact parameter. Due to rotational
invariance it is of the form θ′ = w(ψ, b) θ1 +[1−w(ψ, b)] θ2, where w(ψ, b) can be interpreted
as microscopic alignment weight characteristic for the respective model; cf. Fig. 1(a). Since
we are aiming at a Boltzmann approach which does not resolve length scales comparable
to the size of single particles, we adopt a mean-field approach and average over all impact
parameters to introduce a mesoscopic alignment weight w(ψ) := 〈w(ψ, b)〉b. It defines the
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relative magnitude of the pre-collision angles in the post-collision angle:
θ′ = w(ψ) θ1 + [1− w(ψ)] θ2. (1)
Taken together, the alignment range ψ¯ and the alignment weight w(ψ) constitute a gen-
eralized mesoscopic collision rule. It accounts for indifferent scattering events as well as
deviations from half-angle alignment (w = 1
2
). Fig. 2 shows the actual form of both quanti-
ties for the particular examples discussed above. Next, abstracting from the two particular
examples given, we explore the consequences of such generalized collision rules for the or-
dering propensity of active matter.
Analytical formulation. The Boltzmann equation for driven particles in two spatial di-
mensions takes the following general form [18]:
∂tf(~r, θ, t) + v0~e(θ) · ∇f(~r, θ, t) = Id + Ic. (2a)
Here f(~r, θ, t) is the one-particle distribution function, and v0 and ~e(θ) denote the magnitude
and direction of the velocity vector of freely moving particles, respectively. Id accounts for
rotational particle diffusion with Gaussian-distributed angular increments ϕ [with standard
deviation σ0] occurring with a rate λ [25]
Id = λ
〈∫ pi
−pi
dφf(φ)[δ(θ − φ− ϕ)− δ(θ − φ)]
〉
ϕ
. (2b)
The collision integral
Ic =
〈∫ pi
−pi
dφ
∫ ψ¯
−ψ¯
dψ S(L, d, ψ)f(φ)f(φ+ ψ)
× [δ(θ − φ− w(ψ)ψ − η)− δ(θ − φ)]
〉
η
, (2c)
quantifies binary scattering events and depends on the mesoscopic collision rule. In Eq. (2c),
S(L, d, ψ) = 4v0d
∣∣sin (ψ
2
)∣∣ (1 + L/d−1
2
|sinψ|
)
denotes the “differential scattering cross sec-
tion” [26]. We have also included stochastic effects by adding a Gaussian-distributed angle
η [with standard deviation σ] to the post-collision angle.
To calculate the onset of polar order we analyze Eq. (2) in terms of Fourier modes
fˆk =
∫ pi
−pi dθ e
ikθf(θ):
∂tfˆk +
v0
2
[
∂x(fˆk+1 + fˆk−1)− i∂y(fˆk+1 − fˆk−1)
]
=
− λ
(
1− e−(kσ0)2/2
)
fˆk +
∞∑
n=−∞
In,kfˆnfˆk−n,
(3)
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where the Fourier coefficients of the collision kernel In,k are given in [22]. The first two
Fourier components, are related to the (hydrodynamic) particle density ρ = fˆ0 and the
momentum density ~τ = ρ~u = v0fˆ1, where ~u denotes the hydrodynamic velocity. We are
interested in the regime close to the transition from an isotropic state, f(~r, θ, t) = 1
2pi
,
toward a polar state. For our base states we then assume |~u|  v0 and, consequently,
|fˆk| = O
[
(|~u|/v0)k
]  1. We are thus able to truncate Eqs. (3) by setting fˆk ≈ 0 for all
k > 2 [18, 27]. Since the instability of the isotropic state toward formation of collective
order occurs at zero wave number [22], we may restrict ourselves to spatially homogeneous
systems and drop all spatial derivatives:
∂tρ = 0, (4a)
∂tτ = −ν1 τ + ν−12 [I1,2(I−1,1 + I2,1)] τ 2 τ , (4b)
where νk = 1 − e−(kσ0)2/2 − ρ (I0,k + Ik,k). In Eqs. (4) variables have been rescaled: t →
t/λ, ρ → ρλ/S¯, τ → τv0λ/S¯, In,k → In,kS¯ with S¯ = (2pi)−1
∫ ψ¯
−ψ¯ S(L, d, ψ)dψ the “total
scattering cross section” for polar collisions. In these units, ρ measures the frequency of
collisions relative to the frequency of self-diffusion, λ. Depending on the alignment range ψ¯,
ν2 might turn negative, in which case Eqs. (4) would have to be complemented by equations
for higher order broken-symmetry variables, like the nematic tensor [28]. Here we restrict
ourselves to the discussion of the polar case, where ν2 > 0. Then, Eq. (4a) simply expresses
conservation of particle number, and Eq. (4b) captures the formation of collective motion
via spontaneous breaking of rotational symmetry.
The isotropic state τ = 0 becomes unstable at a threshold density ρt, determined by
ν1(ρt) = 0:
ρt[w(ψ); ψ¯] =
1− e−σ20/2
I0,1[w(ψ); ψ¯] + I1,1[w(ψ); ψ¯]
. (5)
Importantly, the analytical form of ρt, Eq. (5), is exact, i.e. independent of the particular
scheme used to truncate the Fourier space Boltzmann equation (3), and establishes a direct
connection between the microscopic details of particle collisions and the location of the
phase boundary toward collective motion. Subsequent quantitative investigations of this
connection are greatly facilitated by the fact that the functional space of all alignment
weight functions w(ψ) can be organized in terms of equivalence classes, using the equivalence
relation w1(ψ) ∼ w2(ψ) if and only if ρt[w1(ψ)] = ρt[w2(ψ)]. It can be shown [22] that each
such equivalence class contains one and only one constant alignment weight function w¯,
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FIG. 3. (color online) (a) Transition density ρt(w¯): Curves from left to right (dash-dotted, dashed,
solid) correspond to σ = {0.7, 0.5, 0} with ψ¯ = pi. (b) ρ−1t (w¯, ψ¯) for σ = 0.5. Parameters for
(a) and (b): L/d = 1, σ0 = 0.5. Stationary numerical solution of Eq. (2): (c) Snapshots of
observed polar patterns (periodic boundary conditions; arrows: normalized, local polarization)
for ψ¯ = 3pi/4: homogeneously distributed density field (top, w¯ = 0.8) and polar-wave pattern
(bottom, w¯ = 0.92, relative density differences are indicated, see color bar). (d) Total polarity P
(solid lines) and spatial density variance D (dashed lines) versus w¯ (from left to right: grey-green-
red-blue correspond to ψ¯ = {pi, 3pi/4, pi/2, pi/4}). For ψ = pi/4 (blue), D = 0 and P = 0 for all w¯.
Parameters for (c) and (d): ρ0 = 0.15, σ = σ0 = 0.15, L/d = 1.
which can be determined from any (e.g. experimentally measured) w(ψ) by inverting the
relation ρt[w(ψ)] = ρt[w¯]. In what follows, we will refer to w¯ as “effective alignment weight”
and use it as a convenient “parameterization” of the functional space of all alignment weight
functions. The symmetry of the Boltzmann equation (2) with respect to w¯ → 1− w¯, allows
to consider w¯ ≥ 0.5 without loss of generality.
Analytical results. Fig. 3(a) shows the threshold density ρt as a function of the effective
alignment weight w¯ and different noise strengths σ.
For deterministic collisions, σ = 0, the transition density ρt is finite over the range w¯ < 1,
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and diverges as w¯ → 1 [solid curve in Fig. 3(a)]. In the latter limit, the post-collision angle
coincides with one of the pre-collision angles, cf. Eq. (1). This type of binary collision is
on average equivalent to a specular reflection: Due to particle exchange symmetry, two
particles with pre-collision angles θ1 and θ2 are both either scattered into θ1 (↗↖ → ↖↖)
or θ2 (↗↖ → ↗↗), with equal probability. Since two-particle correlations are not taken
into account in the Boltzmann equation, we have 1
2
(↖↖ +↗↗) ≡ ↖↗, which amounts to
a specular reflection. This “alignment–reflection duality” carries over to arbitrary collision
processes (w¯ 6= 1), and is inextricably linked to the Boltzmann equation due to the molecular
chaos assumption. As a consequence, polar order cannot build up from a disordered state for
effective alignment weights w¯ ≥ 1. In the light of this discussion, the parameter w¯−1 ≡ δ can
be reinterpreted as an angular dispersion factor : While for δ = 0 the angular distribution
remains invariant, any deviation from an isotropic distribution is amplified by collisions
for δ < 0 and polar order develops. Angular dispersion factors δ > 0 (i.e. w¯ > 1) have
the opposite effect. Obviously, the threshold density ρt also diverges for ψ¯ → 0 (data not
shown), which corresponds to the limiting case where all collisions are indifferent, i.e. to
non-interacting particles.
The above picture is to be modified upon adding stochasticity to the collisions, σ > 0.
Then, the poles of ρt are increasingly shifted toward the limiting case of optimal alignment
conditions, i.e. (w¯, ψ¯) = (1
2
, pi) [Figs. 3(a,b)]. Surprisingly, to compensate for the dis-aligning
effect of collision noise one needs both, a smaller angular dispersion δ, and a larger alignment
range ψ¯. Even for half-angle alignment, w¯ = 1
2
, any stochasticity during the collision process
immediately sets a lower bound for the alignment range ψ¯, which cannot be abrogated by
increasing the density; cf. Fig. 3(b). In other words, the presence of collision noise imposes
a “minimum efficiency requirement” on microscopic particle interactions for the emergence
of polar order.
The popular half-angle alignment rule thus overestimates the effect of binary collisions on
the build-up of orientational order. This is indeed the case for the two paradigmatic scenarios
of propelled rods and stiff polymers discussed above: Using the microscopic scattering data
ψmax(b) and w(ψ, b) from our simulations, we computed the transition density ρt by means
of Eq. (5). To get a precise estimate we explicitly accounted for the functional dependence of
the collision integrals on the microscopic alignment weight w(ψ, b), only assuming uniformly
distributed collision parameters b. Interestingly, the ensuing threshold densities for both
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models turn out to be negative. The failure of these models to establish a state of polar order
suggests to reconsider the range of applicability of the Boltzmann approach to active systems.
In fact, recent numerical and experimental work on similar systems [23, 29, 30] highlights
the importance of nucleation and growth of clusters as a driving force behind the formation
of large scale non-isotropic structures. Within these clusters, however, correlation effects
become important which are incompatible with the alignment–reflection duality alluded to
above. Thus, while the Boltzmann approach is well suited to capture the emergence of order
via a gradual reduction in the spread of particle orientations, it breaks down if ordering
proceeds via the formation of clusters.
Numerical solution of the Boltzmann equation. To address the impact of w¯ and ψ¯ on
the system’s capability to form patterns, we numerically solved the Boltzmann equation (2)
using a constant alignment weight, w(ψ) = w¯ [20, 22]. We tested that the numerical solution
reproduces the phase boundary obtained from our analytical calculations, Eq. (5) (data not
shown). In accordance with previous agent-based simulations [21] and with expectations
from analytical considerations [18], we observe stable traveling wave patterns emerging from
random initial conditions for ρ & ρt(w¯, ψ¯), and with typical asymmetrical wave front profiles;
cf. snapshot Fig. 3(c) and videos in the Supplemental Material [22]. Fig. 3(d) illustrates the
onset of ordering upon varying the effective alignment weight w¯ at a fixed overall density
ρ0 > ρt[w¯ = 0.5, ψ¯ = pi], fixed noise parameters, and a set of alignment ranges ψ¯: Crossing
the transition point (at ρt[w¯, ψ¯] = ρ0), we observe a growth of the system’s total polarity
P = τ (~r) [overbar: spatial average], which is accompanied by the formation of traveling wave
patterns in a parameter window adjacent to the ordering transition. As a simple indicator
for wave-like patterns we use the variance of the spatial density D = (ρ(~r)− ρ)2/ρ2 measured
at times where the traveling wave patterns become stationary. The emergence of wave-like
patterns in the transition region toward polar order seems to be a generic consequence of
linear collision rules, i.e. constant alignment weight functions w(ψ) = w¯ = const.
Contrary to what can be expected from the spatially homogeneous dynamics, Eq. (4b),
our numerical solutions [Fig. 3(d)] indicate that the development of spatial inhomogeneities
in the form of traveling wave fronts causes the polar order parameter P to undergo a dis-
continuous jump. This indicates a first-order phase transition toward polar order, rather
than a second-order transition. An analogous transition behavior is observed upon varying
the density ρ at constant values for the collision parameters (not shown). Whether or not
9
a more complicated, non-linear collision dynamics alters this behavior poses an interesting
question for future work.
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